Mathematical Sciences
https://doi.org/10.1007/540096-020-00359-0

ORIGINAL RESEARCH

=

Check for
updates

Solvability of generalized fractional order integral equations

via measures of noncompactness

Anupam Das'? - Bipan Hazarika® - Vahid Parvaneh* - M. Mursaleen>®

Received: 10 July 2020 / Accepted: 30 October 2020
© Islamic Azad University 2021

Abstract

In this article, we work on the existence of solution of generalized fractional integral equations of two variables. To achieve
our main objective, we establish a new fixed point theorem using measure of noncompactness and a new contraction operator
which generalized the Darbo’s fixed point theorem (DFPT). Also we obtain the corresponding coupled fixed point theorem.
Finally we apply this generalized DFPT on the generalized fractional integral equations of two variables and illustrate our

findings with the help of an example.
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Introduction

Fractional calculus is the study of the derivatives as well as
integrals of arbitrary order using Gamma function. A frac-
tional derivative in applied mathematics and mathematical
analysis is a derivative of any noninteger order, real or com-
plex. The first existence is in a letter written by G.W. Leibniz
in sixteenth century ending to Antoine de I’Hopital [20]. In
one of N. H. Abel’s early papers [1], fractional calculus was
adopted, where those elements can be considered: the defi-
nition of integration and differentiation of fractional order,
the strictly inverse connection among them, the perception
that differentiation and integration of fractional order can
be perceived as being in the same generalized operation,
and indeed the coherent form for ambiguous real order dif-
ferentiation and integration. Over the nineteenth and early
twentieth centuries, the theory and applications of fractional
calculus developed greatly, and countless contributors have
provided interpretations for fractional derivatives and inte-
grals. The Erdélyi—Kober fractional integrals are used in
many branches of mathematics like porous media, viscoe-
lasticity and electrochemistry, etc. (see [9, 18]). Fixed point
theory and measure of noncompactness have many applica-
tions in solving different types of integral equations which
overcome the different real-life situations see for instance
[4,5, 12, 24, 25, 27-30]. Due to the importance of integral
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equations of fractional order, it has become essential to study
such type of equations.

Darbo’s fixed point theorem and its generalizations which
use the concept of MNC have been applied by many authors
[2,5, 11,15, 16, 21-24] to study integral as well as differen-
tial equations. With the help of different type contraction of
operators, Darbo’s fixed point theorem has been generalized
by different researchers in the recent past, see [11, 15, 23, 26].
Isik et. al. [19] have extended Darbo’s fixed point theorem via
weak JS-contractions in a Banach spaces, also derived couple
fixed point theorem and applied it to study the existence of
solutions for a system of integral equations. So motivated by
these works, we have generalized the DFPT using a new con-
traction operator which is defined with the help of a function
used in [17] and apply it on a generalized fractional integral
equation of two variables to check the solvability.

Preliminaries

Let (G,| . |l) be a real Banach space. Suppose that
BO,r)={xe€ € :|| x— 0 ||< r}.If X be a nonempty subset
of €, then by X and ConvX we denote the closure and con-
vex closure of X, and let 9 be the family of all nonempty
and bounded subsets of € and 9t be its subfamily consisting
of all relatively compact sets.

Definition 2.1 [6] A function 9 : M — [0, o0) is said to
be a MNC in € if

(i) forallk € M, we have $AU) = 0 which gives U is
relatively compact.

(i) kerd = {U € Mg : 9AU) =0} # pandkerd C Ng.
(i) UCU, = IA) <I(U,).
(iv) 9(U) =9Q).

V) I9(ComvU) = JU).
(vi) I(sU+(1-5)U,) <692 +(1-6)9(U,) for
5 e€10,1].
if ;€ M, U; =2, U, C U, for j=1,2,3,...
and lim_ o, 9(2;) = O then ()2, U; # ¢.

(vii)

J—00

The family kerd is said to be the kernel of measure 9. The
set U, = ﬂzl U; € kerd. Since JU,) < JU)) for any j,
we infer that 92 ) = 0.

Theorem 2.2 [3, Schauder] Let U be a nonempty bounded
closed and convex subset of a Banach space . Then every
compact continuous map & . U — U admits at least one
fixed point.

The following theorem is the generalization of the above

theorem (Schauder fixed point theorem (SFPT)) which is
known as Darbo’s fixed point theorem (DFPT).
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Theorem 2.3 [14, Darbo] Let U be a nonempty, bounded,
closed and convex subset of a Banach space G. Let
© : U > U be a continuous mapping and there is a con-
stant k € [0, 1) such that

H@M) < kI, M C U

Then © possesses a fixed point.

To establish the extension of DFPT, we recall following
related concepts

Definition 2.4 [17] Let F be the collection of all functions
AR, xR, — R, such that

(1) max {1, w} <A@, w)fori, w > 0.
(2) Ais continuous and nondecreasing.
3) A+, m) AW + A(w, @)).

For example, A(l, w) =1 + .

Definition 2.5 [26] Let I" denote the set of all functions
y : R, — [1, c0) such that

(1) yis acontinuous and strictly increasing function.
(2) for each sequence {k;} C (0, 0), lim;_,, y(x;) = 1if
and only if lim,_, _ k; = 0.

J—=0 )

For example, y(x) = ¢* belongs to I".

Definition 2.6 Let = be the set of all functions
& 1 [1,00) = R, satisfying

(1) £is continuous.
(2) &1 =0.
(3) for each sequence {Kj} C (1, 00), lirnj%o S(Kj) =0if

and only if lim;_,  k; = 1.

For example

(1) 51(Z)=l—li, n > 1belongs to E,
(2) &) =e€'~! — 1belongs to E,
(3) &;() = In(l) belongs to E.

Definition 2.7 [8] A mapping S : [0, ) — L(X) is said to
be a strongly continuous semigroup on X if the following
conditions hold:

1 SO) =1, St+s)=S®S(s)forallt,s >0

@ii) for all x € X, S(.)x is continuous on [0, co0), where X
denotes a complex Banach space and £(X) denotes
the Banach algebra of all linear continuous map-

pings.
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Main result

Theorem 3.1 Let B be a nonempty bounded, closed and con-
vex subset of a Banach space €. Also, let B : B — B be a
continuous mapping such that

7 [ABGEBA), a(9(BA)))| <y[AW(A), a(9(A)))]

— E{y[AA), a@(A)]}
3.1)
foral AC®B, yel, E€E, Ae Fwherea : R, - R,
is a continuous mapping, and 9 is an arbitrary MNC. Then
B possesses at least one fixed point in B.

Proof Let (B)) with B, =3B and
B, = Conv(BB)) for all n>0. Also,
BB, =WB CB=2B,, B, =Conv(BB,,)) C B =12,.
Continuing in the similar manner gives
B,2B,2B,2...2%B,2B,,, 2 ... Ifthereexistsk € N
satisfying 8(B,) = 0, then B, is a compact set. By SFPT, 28
has a fixed point.

Let 9(%B;) > 0 for some j € N. Clearly, the sequence
{19(% )} is a nonnegative, decreasing and bounded
below sequence. So, the sequence is convergent and let

m;_ ., 9(B;) =b2=0.

Also 9(B,,) = 9(Conv(BWB;)) = H(WB;) and by (3.1)
we have

7[A(9(By11), a(9(B111)))]
=7[A(9(2B;), o (9(2B;)) )]

<7[A(9(B;).«(9(B;)))] - &{r[Aa(9(B;). «(9(3)))]}-
If it is possible, assume that b > 0. As j — oo, we have

S{r[AD, a(b))]},

a

Y[AD, a(b))] < y[AD, a(b))] -

ie., E{y[A(b, a(b)]} <0.

Hence, &{y[A(M,a(d))]} =0 which gives
y[A(D, a(b))] = 1. Consequently, A(b, a(b)) = 0 which gives
lim;_,, 9(B;) = b = 0. Since B, 2 B,,,, by Definition 2.1,
we get B = ﬂ;’: , B, is a nonempty, closed and convex sub-
set of B and B, is W invariant. Thus, Theorem 2.2 implies

that 28 admits a fixed point in B_, C B. O

Remark 3.2 We have generalized Darbo’s fixed point theo-
rem by using a new contraction operator which involves
MNC to study operators whose properties can be character-
ized as being intermediate between those of contraction and
compact mapping. The main advantage of this generalization
using MNC is that the compactness of domain of the opera-
tor which is essential in Shauder’s theorem has been relaxed.

Theorem 3.3 Let B be a nonempty bounded closed and con-
vex subset of a Banach space €. Also, let %8 : B — B be a
continuous map such that

7 [9(BA) + a(I(BA))| <r[I(A) + a(9(A)]
= &{r[9(A) + a((A)]}
forall ACB, yel, £E€ B, wherea : R, - R, isacon-

tinuous map and 9 is an arbitrary MNC. Then 28 admits at
least one fixed point in B.

Proof The result follows by taking A(p, ¢) = p + g in Theo-
rem 3.1. O

Theorem 3.4 Let B be a nonempty bounded closed and con-
vex subset of a Banach space €. Also, let B : B — B be a
continuous map such that

E{r9A}

forall AC B, y €T, & € Ewheredis an arbitrary MNC.
Then B possesses at least one fixed point in 8.

y [9(BA)] < y[9(A)] -

Proof By taking @« =0 in Theorem 3.3, we obtain the
required result. O

Theorem 3.5 Let B be a nonempty bounded closed and con-
vex subset of a Banach space €. Also, let B : B — B be a
continuous map such that

I(BA) < 1I(A)

for all AC B, A€ [0,1), where 9 is an arbitrary MNC.
Then B admits at least one fixed point in B.

Proof By taking y()=¢', &) =t—1t* for all
t>0, 1€ [0,1)in Theorem 3.4, we obtain the result.
O

Remark 3.6 It can be observed that Theorem 3.5 is DFPT,
so it reflects that Theorem 3.1 is a generalization of
Theorem 3.5.

Definition 3.7 [10] The ordered pair (p,g) € U X U is said
to be a coupled fixed point of a mapping ® : U x U — U if

G(p,q) = pand G(q,p) =

Theorem 3.8 [6] Suppose that 9,,9,, ...,8, be an MNC in
K1, K,, ..., K, respectively. Moreover, let ® : IRi - R,
be a convex function such that (ﬁ(pl,pz,...,pn) =0
if and only if p;=0 for 1=1,2,....,n. Then,
QAU = G(9,U)), 9,20,), ..., 9,(U,)) defines an MNC in
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K X K, X ... X &,, where U, is the natural projection of U
into &, forl =1,2,...,n

Example 3.9 [6] Let 9 be an MNC on K. Define
G@,q9) =p+q, p,q € R,.Then G satisfies the properties
in Theorem 3.8. Hence, 99 () = 9AU,) + 92U,) is a MNC
in & X &, where U, [ = 1,2 denotes the natural projection
of U.

Theorem 3.10 Let B be a nonempty bounded closed and
convex subset of a Banach space €. Also, assume that
B : BXB — B be a continuous map such that

r[A ( (WA xAy)).a(I(W(A, x A4,))))]
<3 {Y[A(( 1) +9(Ay).a(9(A) +9(Ay)))]
_5{7’[ (9(A)) +9(Ay). a(9(A)) +9(A)))]}}

for all A, A, CB, where 9 is an arbitrary MNC
and a, &, y and A are as in Theorem 3.1. Also,
let Y1 +q) <vp)+7r@), P14, 20 and
alp, +q) <ap)+alg)), pi.q; 20. Then W admits at
least a coupled fixed point in 8.

Proof Consider the mapping Y : BxB - Bx B
by B (p,q) = (W(p, q), B(q, p)).1t is trivial that WY
is continuous. Let A C B x B be nonempty and we
have 99(A) = 9(A,) + 9(A,) is an NMC, where A,, 4,
are the natural projections of .4 into €. We obtain

7 [A(87 (WA, (97 (B(AY))]

[ (9(m (A1XA2))’“(19(%3(“41XAz))))]
< L [A((A) +8(4).a(3(4) + 9(4))]} . 2 € (0.1

for all A, A, CB, where 9 is an arbitrary MNC
and a, y and A are as in Theorem 3.1. Also,
let Y1 +q) <y@)+7r@), P14, 20 and
alp, +q) <ap)+alg), p,q; = 0.Then W has at least
a coupled fixed point in B.

Proof The result can be obtained by taking
E@) =t—1t*, 4 €0,1)in Theorem 3.10. O

Application

The fractional integral of a function f € L,(a, b) by another
function g of order a is [31],

1 g0f ()
G = — —dy,
are ) [(a) / (800 — g)'™* t

a>0, —0o<a<b<Lx

@.1)

which is defined for every continuous function f{¢) and for
any monotone function g(f) having a continuous derivative.

Analogous to the above operator 4.1, the fractional
integral for a continuous function A(z, s) of two variables
on [a, b] X [a, b], by monotone functions g & of order f is
defined by

<y[AOY(B(A; x Ay) X W(Ay X A,p)), a (97 (B(A; x Ay) xB(A,xA))))]

= 7[A(9(B(A; x Ay)) +I(B(Ay x A;)) a(I(B(A; X Ay)) +(B(A; x A)))))]
<y[A(I(W(A X Ay)) +9(BW(Ar x Ay) ) a(9(W(A, x Ay ))) +a(9(W(A, x A)))))]
<7[A(O(BW(A x Ay)) a(9(B(A X Ay)))) + A(I(B(A, x A))), a(9(B(A, x A,))) )]
<y[A(I(B(A X Ay)) a(9(B(A, x A;))))] +7[A(I(B(A; X A )), a(I(B(A, X A)))) )]
<{r[a(a(4 ) 1) +9(A)))] = E{r[A(9(A)) +9(A). a(9(A)) +9(A)))] }}

) + 19(A2 ,a(19
]

= {r[A(97 (A, a(97(D))] - E{r[A(87(A). a(97(A))] } }-

By Theorem 3.1, we have B has at least one fixed point in
B x B, i.c., W possesses at least one coupled fixed point.
O

Corollary3.11 Let B be a nonempty bounded closed and con-

vex subset of a Banach space €. Also, let 28 : BXB - B
is a continuous mapping such that
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g (O ()t 5)
(8(X) — g(t)' P (h(Y) -

a+gh h(X.Y) = h(s))l_ﬂ

F(W / /
4.2)

which is finite, where g > 0, T'(Z) = [;* *~le~'dt, Z> 0
and X,Y € [a,b], —o0o <a<b < 0.
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Now, we shall check whether the operator (4.2) is strongly
continuous semigroup on C([a, b] X [a, b], R) or not.

It is observed that this operator (4.2) is continuous.

For X, Y),hX,Y) e C(a,b] X[a,b],R)
ki, k, € R, we have

and

If+g h[k hy (X, Y) + kyhy (X, V)]
/ / g O ) [k hy (X, Y) + kyhy(X, V)]
1“(13)2

(8(X) — )" P (W(Y) = h(s)'*
_ 1
_F<ﬁ>2/ / (8(X) — g(0)' P (h(Y) —

g (9Hh (X, Y)
/ / gD ()h (X, )
F(ﬂ)2

W)
\)
(g(X) — g(t)' P (W(Y) — h(s))'~*
=k Ia+ A& Y) + k215+‘g,hh2(%)’)

so it can be said that the operator (4.2) is linear operator.
Again, for b (X, Y), h,(X,Y) > 0 we observe that

If+gh[h X V) + (X, V)] # a+gh[h X.7) ¢+gh[hz(X’Y)]
and
If+gh[ 1=0+#1

Hence we conclude that the operator (4.2) is not strongly
continuous semigroup on C([a, b] X [a, b], R).

Consider the space € = C(I x I) of all real continuous
maps on I X I, where I = [0, 1] which is equipped with the
norm

| X ll=sup{|X(,m)| :Imel}, X e€GC.

Let U be a fixed nonempty and bounded subset of €. For

all X € € and € > 0, let w(X, ¢) indicates the modulus of

continuity of X, i.e.,

(X, e) =sup {|X(T,S) — X(U,V)| :
|T-U| <€ |S=-V]| <€}

T,5,U,Vel,

Further, let

oU,e) =sup {wX,e) : X € U},
and

@) = lim,_,, w2, €).

Similar to [7], it can be proved that the function @, is an
MNC in the space €.

In this part, the solvability of the following generalized
fractional order integral equation is studied:

n(t,s)

=H<t,s,7r(l,s), / / 8 (g)h’@’)kff £0.6.7(0.6) da)
o Jo (g(s)—g(c)) *(h(® — h(e)) "
4.3)

where0<a <1, t,s €l =[0,T], T >0.

Assumptions:

(1) H:IxIxRXR — Riscontinuous mapping satisfy-
ing

|H(t,s,p,q) — H(t,s,l,m)| <Alp —I| + Blg — m|

for some nonnegative constants A, B with A € [0, 1),
wheret,s € I')p,q,l,m € R.

(2) The functions g,/ : I - R, are C' and nondecreasing.
Also, g/, 1’ > 0.

(3) k:IxIxIxIxR — Riscontinuous.

(4) Let

K =sup {|k(t,s,0,¢,7(0,¢))| : t,s,0,¢c €lx € CUXI)}

and

H =sup {|H(1,5,0,0)| : t,s €I}

and let there exists ry,>0 satisfying
Arg + ZE(h(T) = h(0)*((T) — g(O)* + H < r. Let
B, ={xeG:lxl<r).
Theorem 4.1 Under the hypothesis (1)-(4), equation (4.3)
has at least one solution in €.

Proof For r € €, let the operator & be defined on € as
follows:

(Rn)(t,s)

=H<t,s’”(t,s),/ /3 g(g)h'(ﬁ)kflaﬁ c,¢,n(o, g?)a gda),
o Jo (g(s)—g(6) " (h(?) — h(o))

where t,s € I.

Let 1,5 € I be fixed and {1, } and {s, } be sequences in /
such thatt, — t and s, — s as n — oo. Without loss of gen-
erality, we can choose 7, > ¢ and s, > s. Then

|(Qn)(t,,5,) — (8)(t, )|
< A|7r(t

s Sp) — 70(1,8)|

o5 / / g ON (0k(t,, 5,, 0,6, (0, C))
o Jo (g(s,) - g() " (h(t,) - h(e)) "

LY g (o)t s, 0,6, 7(0,¢))
- = = dedo]
o Jo (g(s)—g(c)) “(h(®) — h(c)) ™"

Now,
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/ / g (g)h’(a)k(rn 1106, 7(0. g)) / / g (g)h'(a)k(r 2OEHO.D g
l-a
(560 -2©) " (ht)—ho)) (s0-20) " (h0r-1o))
g O @kt 5, 0,6, 7(0,€) g O @kt 5, 0,6, 7(0,€)
1- a 1 adgda‘
(g(s )-2©)  (ht) ) (g(s )-2@) (e~ o)
/ / g O (@k(t,, 5, 0,6, 7, g)) / / g (g)h'(a)k(rn 500670
T gda’
(560 —2©) " (ht)~hio)) (s -2@) " (h0 - o))
" / ’ / '8Nkt 5,.0.6.7(0. g)) / / g (g)h’(o)k(t LOETOD) gy,
0o Jo

£ -2©) (0~ )’ (50 -2@) " (h0 o))
IS,

- §ON @K1, 5,,0.6.70.6)
s=| [ dedo
(560 —2©) " (ht,) ~ hio)

/ / g(g)h'(a)k(r 500670,
T gd0'|
(560 -2) " (1)~ hto)

/ / g (N (o)k(t,,s,,0,¢,7(0,¢))

860 -2©)  (ht)—he)

/ / g' (N (0)k(t,. s, 0.6, 7 (o, g))1 dc d6|
(560 —2) () - h(a)) -

< = () - 1) (65 - 8®) " = Z[ () = 10)” = () = 1)) (8650 - )

As n — oo, continuity of g and 4 yields that J§,, — 0. Again,

g (g)h’(a)k(rn Sps 0+ G, (0, g)) / / g N (@k(t,,5,,0:6,7(0.€) |
(g6s,) — 8©)) ™ (ht,) — h(o))" 0 (g(s) — g(&)' " (h(t) — h(c))' ™"

/ / g(g)h’(o)dgdo / / g (N (c)dgdo
(g6s,) — 2(9)) ™ (h(t,) — (o))"~ 0 (g(s) — g(e)' " (h(t) — h(c))' ™"

[(g(s) 8(®)" (h(t,) — h0)* + (g(s,) — 8(0))" (h(t,) — h())" = (g(s,) — 8())“ (h(t,) — h(®))“].

33, =

Taking n — oo and using the continuity of g and 4, it is
observed that 35, — 0. Finally,
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333, =

' &N (0)k(t,, 5,,0,6,7(0,¢)) dedo — / ' / " QN (0k(t,5,0,6,7(0,9)
0 (g(s) — g(e)' " (h(®) — h(c)' ™ 0 (8(s) — g(e)' " (h(t) — h(o))'~ #
- / / g (g)h'(o)|k(rn,s,,,o ¢.7(0.¢)) — k(t,s.0.¢.7(o, g))|

B (3(5) — g(e))'~*(h(t) — h(c))' ™

Since k is a continuous function, therefore it is observed that Since k is an uniformly continuous function on

SSS,,—)O,asnﬁoo.. ) IXIXIXIX[-ryryl, therefore k., — 0, as e — 0.
Thus, z(t,s) € € gives 8z € €. So, the mapping  Therefore, | 7z — Lw |- 0, as € = 0, i.e.,  is con-
2 1 € — Cis well defined. tinuous on B, Let PCB, be nonempty. For an

Let B, = {zr eC:|r|< ”0}- Also, let z,w € B, .
Then, for all ¢, s € I it is observed that

|(82)(z 5)]

H<t, s, 7(t, s),/ /S g (g)h’(o-)kl(t 50,6, (0, g?) gdcr) —H(t,s,0,0)
o Jo (g(s)—g(c)) *(h(®) — h(c)) ™"

< Alx(t,s)| + BK / / & I(G)h’(") —dgdo + H
o Jo (g(s) —g() *(h(®) — h(e)) ™"

<Arg+ Ifx—lf(g(T) — g(0))*(h(T) = h(0))" + H.

+H

<rp.

Therefore, (B, )C B, ,i.e., & B, — B, 1s well defined.
Let z, wEB be such that||7r w||<ewhere€>0
Forallt, s €1,

|(87)(1, 5) — (Rw)(1, 9)|

= H(l, s, ﬁ(l,s),/ /S 8 (g)h,(o')kl(l s,0,¢,7(o, g?) gdg)
o Jo (g(s)—g(c) “(h(t) — h(o)) ~*

_H<t’s,w(t’s)’ / / g OH k15,0, @(@,6) dw)‘
0 Jo (8(s)—g(e) *(h(®) — h(c)) ™"

<A|x(t,s)— w(t,s)|
+B/ / g (N (0)|k(t,s,0,¢,7(0,¢)) —k(t,s,0,¢, w(o, g))l
(g(s) 2(©)' " (h(t) — h(c))'™*

= 8(0)*(W(T) = h(0))*,

<Alz-w |

where arbitrary € > 0, take z(t,s) € P and t, s, ¢, 5, € I such that

¢ ] KOs 06 m) k(s 0. c w0 el |t = 1| <e, |s—s;| <e. Without loss of generality, it can
e = p |7[—TD'|S€,|7F|SVO,|W|SVO. betaken[lzt, SIZS.NOW,
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|(Qn)(t,5,) — (Ra)(t, 5)|

<t1 sy, w(ty, s1), / / g©h (G)k(tl 1,06, 7(0,6)) dgd5>
8(51) 8(€) (h(tl)—h(‘f))
_H<t,s, 20.5) / / g(g)h’(o)kftas 2.6 700 da)‘
0 (g(s) — g(¢)) " (h(r) — ()
(rl s, / / g (Oh (a)k(tl 51,0,¢,7(0,¢)) i d(;)
(sCs) — () ™ (h(t)) = h(e)) ™"
_H<ts s, / / F O (Oh(51,0:¢, (0,0) dgd6>
(sCs1) — () ™ (h(t)) = h(e)) '~
H<ts s, / / g©h (ov)k(r1 51,6, 1(6,¢)) " d6>
(g6s)) — 8(©)) ™ (h(t)) — (o)) ™"

i, [ [ LS OMrined) )|
0 (g(s) —g(6)) ~(h() — h(c)) ™*

+

=3+ S35
Also, Let
!
/ / g (©h (U)k(tl $1,0,6,7(0,¢)) dedo C(H. &) = sup H(t,s,,m,0) - H(t,,s,. 7, 1)) thstps €|
(g6s) — 8(©)) ™ (h(t)) = (o))" ™ t—n|<els—si| <e |zl <rolll < Q.

g(g(T) = 8(0)*(W(T) — h(0))* = Q(say). Therefore,

(rl ons), / / g(g)h(a)k(rl 51,6,¢, 7(0,¢)) dgd6>
(gCs1) — 8(©)) ™ (h(ty) = h(0)) '~

_H<t”(t1 o, / / g O Oi1,51,0,6,7(0,0) dgd6>
(gGs1) = 8(2)) " () = (o))~

< C(H,e).

<

S =

By the uniform continuity of Hin I X I X [—ry, ry] X [0, O],
we have lim,_,, C(H, €) = 0.Again,

<ts rt50). / / g(©)h (o)k(t1 51,0,¢, 7(0,¢)) " da)
(gCs1) — 8(©)) "~ (h(t)) = h(e))' ™

_H<t,s,,z<f,s), JJEC LT
0 Jo (g(s)—g(¢) *(h(®) — h(c)) ™"
< Al|x(ty,s)) — z(t,9)|

/ / g(G)h’(G)k(l1 s1,0,6,7(0, G)) / / g (N (o)k(t,s,0,¢,7(0,¢)) dcdo
(g(s1) — () ™ (h(ty) = h(o))' 0 (g(s) — g(e)'*(h(t) — h(c))' ™

+B
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Let and

Clh.e) =su |k(t],sl,0',g,7r) —k(tz,sz,a,g,zr)| tLs b, €1
’ P |ty — 1] <e, |s; —s| <€, 7€ [-ryrl '

C(h,e) =sup {|h(t,)) —h(®)| : t,t; €I, |t; —t] < €}

and

C(g.e) =sup{|g(t)) —g®)| : t,t; €L, |t, — 1| < €}.

On the other hand,
g (g)h’(o)k(tl 51,0,6,7(0, g)) / / g ON (), s,0,¢,n(0,¢)) dedo
g(sl) 2(©) (1) - k() 0 (8(s) — g(e)' ~“(h(t) — h(c))' ™
g (g)h’(a)k(tl 51,0,6,7(0, g)) / / g (G)h’(ff)k(tl 51,0,6,7(0,6))
(g6s1) = 8©)) ™ (ht)) — h(o)) '~ (g(s1) = 8©)) ™ (h(ty) = h(e))' ™
g (€)h’(6)k(t1 $1,0,¢,7(0o, g)) / / &N (o)k(t,s,,0,¢, n(o, g)) dedo
(s6s1) = 8©)) ™ (ht)) = h(e)) '~ 0 (g(s) — g(&)' " (h(t) — h(c))'™*

" O @k 51,0,67(0,6) | / / g ON (0)k(t,s,0,6,7(5,¢)) da'
0 (g(s) — g (h(®) — h(o)' ™" 0 (g(s) — g)' ™ (h(®) — h(o)'™"
= Vl + V2 + V3,

where

g (g)h’(a)k(r1 5,.0.¢.7(0, g)) / / g (g)h’(a)k(rl 5.0.6.7(0.¢))
(g(sp) — &) " (h(t)) = h(0))' 0 (gs)) - (&) " (h(ty) = h(e))' ™"
< p{ (8(s)) — () (h(t)) = k(D))" = (g(s,) — g(s)) " (h(t)) = h(1))" + (g(s)) — g(s)) " (h(t)) — h(©))“}

< £{( (s1) — 8(0)“ (h(ty) — k()" + (g(sy) — 8())" (h(t;) — h(0))*}
2K{C(g e)C(h e)}

V)=

g (g)h’(a)k(rl 51,6.¢.7(0, g)) / / g (N (0)k(t).5,.0.6.7(0.¢)) dcdo
(sCs1) — () ™ (h(t)) = h(0)) '~ 0 (8(s) = g™ (h(®) — h(c))' ™"

< ;{ (g(s)) — g())“ (h(t)) = h(0))" + (g(s)) — g()“ (h(t)) = h(®)* = (g(s1) — g(s))" (h(ty) — h(t))"}

< 5{ (86s1) = 8)) " (h(t)) = h(©))" + (g(5) = 8(0))" ((t,) = h(1))“}

2K{C(g e)C(h,e)}*
a?
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0 Jo (g(5) — ) " (h()) — h(o) " o Jo
C(k, a a
< EE9 o) = 40 (i) - (o)

a?
< Ck{Cg, )Ch, ©)}"
< 3 .

g'(ON (0)k(t,s,0,6,7(0,¢))

(g(s) — 8(6)'~*(h(t) — h(o))'™*

Then,

Conclusion

33 <Aw(P,€) + B{
a? a?

4K{C(g,e)C(h, €)}* 4+ Ck o Cg, )Clh, e)}” }

Therefore,
w(8P,¢) < C(H,¢e) + Aw(P,e) + B
{4K{C(g, €)C(h, e)}" + C(k,e){C(g,e)C(h,e)}" }

a? a?

Since H, g, h are all continuous, therefore for all ¢ — 0
assumption (1) and Theorem 3.5 gives & admits at least one
fixed pointin P C B, C €. O

Example 4.2 We consider

_ ts(1 + zn(t,s))

t7
(1, 5) 1+ts
t s 2
+/ / 7 (flf,g) dedo
0 J0 (1=0)i(s—¢)2 (1 +7%0.9))
“4.4)
forallt,s,o,¢c €[0,1] = 1.
Here,
1 2
SO =h=1. a=ks.0.6m)=
and
ts(1 + 7)
H t,s,m, =
&5, 7. q) 1+1s
Forallt,s € I and p,q,l,m € R,
1.
|H.5.p.q) = H(t.s.Lm)| < ——|p =1l + g = m].
+ 15

Here, A = %and B = 1. The functions g,k : I —» R, are C'
nondecreasing. Also, g’, ' > 0. The functions k and H are
continuous and K = 1and A = 1.

Also, for ry = 9 the inequality 2 + 4(1 — 0):(1-0)F + 3<n
is satisfied. Thus, for r, = 9 assumptions (1) — —(4) of Theo-
rem 4.1 are satisfied. Therefore, by Theorem 4.1 we conclude
that Eq. () possesses at least one solution in C([0, 1] X [0, 1]).

@ Springer

In this work, we generalized DFPT by MNC and a new
contraction operator and also we have established the cor-
responding coupled fixed point theorem. With the help of
this generalized DFPT, we have established the existence of
solution of a integral equation with generalized fractional
integral of two variables and finally illustrate the results with
the help of an example.
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