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Abstract

In the current article we obtain the extension of Darbo’s fixed point theorem (DFPT), and
apply this theorem to prove the existence of solution of an infinite system of implicit fractional
integral equations. We, besides that, justify the results with the help of an example. The
advantage of the proposed fixed point theory is that the requirement of the compactness
of the domain is relaxed which is essential in some fixed point theorems. Also, we have
applied it to integral equation involving fractional integral by another function which is a
generalization of many fixed point theorems as well as fractional integral equations.
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1 Introduction

The integral equations have multiple practical applications in defining specific real-world
problems and different types of real life situations, i.e., in laws of physics, the theory of
radioactive transmission, the theory of statistical mechanics, and the cytotoxic activity the
integral equations are applied for instance see (Boffi and Spiga 1983; Case and Zweifel
1967; Chandrasekhar 1960; Hu et al. 1989; Kelly 1982). Kuratowski (1930) was initiated
the notion measure of noncompactness in metric spaces (one can refer Bana$ and Goebel
1980; Banas and Mursaleen 2014 for the detailed on MNC). Darbo (1955) was the first
person to implemented the measure of noncompactness to generalized the Banach fixed
point theorem for Banach spaces. It is familiar as Darbo fixed point theorem. Recently,
numbers of articles published in connection with the solvability of different types of integral
equations, nonlinear integral equations, functional integral equations, differential equations,
infinite systems of integral equations using different fixed point theorems and measure of
noncompactness (MNC) in Banach spaces (readers can consult the papers Agarwal and
O’Regan 2004; Aghajani et al. 2014; Alotaibi et al. 2015; Banaei et al. 2020; Cakan and
Ozdemir 2017; Das et al. 2019; Deep et al. 2020; Hazarika et al. 2019, 2018, 2019, ?, 2021;
Isik et al. 2020; Kazemi and Ezzati 2016; Mursaleen and Mohiuddine 2012; Mohammadi et al.
2020; Nashine et al. 2018, 2017; Rabbani et al. 2019; Srivastava et al. 2018 and references
therein).

Fractional calculus is the study of the derivatives as well as integrals of arbitrary order
using Gamma function. In the 16th century the concepts of fractional calculus was adopted.
Over the 19th and early 20th centuries, the theory and applications of fractional calculus
developed greatly, and countless contributors have provided interpretations for fractional
derivatives and integrals. In many branches of mathematics like porous media, viscoelasticity
and electrochemistry etc the Erdélyi—Kober fractional integrals are used (one can consulted
Chandrasekhar 1960; Erdélyi 1950; Hilfer 2000; Kober 1940; Pagnini 2012 among others).
Due to the importance of integral equations of fractional order it has become essential to
study such type of equations. Many authors considered differential and integral equations
involving Erdélyi—Kober fractional operator, few number of articles we mentioned here (Arab
et al. 2020; Darwish and Sadarangani 2015; Darwish 2016, 2011; Mollapourasl and Ostadi
2015; Rabbani et al. 2020; Samko et al. 1993). Recently, some authors have studied time-
fractional diffusion problems, fractional reaction-subdiffusion problem etc (see, for instance,
Nikan et al. 2021; Nikan and Avazzadeh 2021; Nikan et al. 2021a,b).

Mohammadi et al. (2020) have established a new generalization of Darbo’s fixed point
theorem with the help of a newly defined contraction operator and applied it to a system of
integral equations. Motivated by their work, we have introduced a more general condensing
operator to established a generalization of the fixed point theorem which was investigated
in Mohammadi et al. (2020) and finally apply it to a fractional integral equation by another
function.

The main contribution of this article is that we have extended the results of the article
Mohammadi et al. (2020) to establish a generalization of Darbo’s fixed point and apply it to
obtain the existence of the solution of the following infinite system of integral equations

zn(x) = By <x, z(x), /X g By &, w, Zl(_w)) dw) , neN.
a  (gx) —gw) ™

The above system involves a fractional integral by another function which is the generalization
of many other fractional integral equations.
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So it can be seen that our work a generalization of many other application of Darbo’s fixed
point theorem on a system of fractional integral equations.

Consider (E, || . ||) is a Banach space. Let B[6, r] be a closed ball in E centered at 6 and
with radius r. If X is a nonempty subset of E, then by X and ConvX we denote the closure
and convex closure of X, respectively. Moreover, let 91 denote the family of all nonempty
and bounded subsets of E and g its subfamily consisting of all relatively compact sets. We
denote R the set of real numbers and Ry = [0, 00) .

Definition 1 (Banas$ and Goebel 1980) A function ¢ : Mg — R, is called a MNC in E if
it satisfies the below stated conditions:

(1) forall Y € Mg, we have ¥ () = 0 implies that ) is precompact.
(ii) the family ker ¥ = {) € Mg : ¥ () = 0} is nonempty and ker ¥ C Ng.
(i) PS3I = 2 Q) <03
(iv) ¥ (D) =2 (D).
V) ¥ (Conv) = ¥ ().
(Vi) QY+ A =1)3) <A Q)+ A =218 (3) forr € [0, 1].
vil) if Dn € Me, Vi = Dy Ynt+1 € Yy forn = 1,2,3, ... and lim,,, . ¥ (P,) = 0
then (o D # ¢-

The family ker ¢ is said to be the kernel of measure 9. Observe that the intersection set )
from (vii) is a member of the family ker . Also since ¥ (Y0) < ¥(2),) for any n, we infer
that ¥ (YPoo) = 0. This gives Yoo € kerd.

The Hausdorff MNC for a bounded set G is defined as

x (&) = inf {€ > 0 : G has finite € — net in X} .

The Hausdorff MNC x in the Banach space (co, . ”Co) can be formulated as follows (see
Banas and Goebel 1980):

Xeo (D) = lim {Sug (?ﬁf | i Iﬂ , (D

ueD

where u = (u;){2; € co and D € M.

In the Banach space (E LAl g,) , the Hausdorff MNC y is defined as follows (see Banas

and Goebel 1980):
oo
xo (D) = lim. [surg (Z | ux Iﬂ : ©)

ueD \k=n

where u = (1), € ¢; and D € My, .

Letusdenoteby C(/, cp), I =[a, ], a >0, T > Othespace of all continuous functions
on / with values in cg. Then C(/, co) is also a Banach space with norm || x(?) [lc(1,¢9)=
sup {[| x(1) lleo: € 1}, where x(1) € C(I, co).

For any non-empty bounded subset E of C(,cp)andt € I, let E(t) = [x(t) 1x € E} .
Now, using (1), we conclude that the Hausdorff MNC for Ecc (I, cp) can be defined as

xeaa(E) = sup { e B :1 e 1},

Similarly, we can define C(/, ¢1), the space of all continuous functions defined on /
with values in £;. Then C(/, £1) is also a Banach space with the norm || x(¢) lc(,¢p=
sup {1l x(2) lle,: t € I}, where x(1) € C(I, £1).
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Now, using (2), we conclude that the Hausdorff MNC for Ecc (I, £1) can be defined
by

xca,en(E) = sup {le(ﬁ(t)) ite I] .

Definition 2 (Banas and Goebel 1980) Let X be a nonempty subset of a Banach space E and
T : X — E is acontinuous operator transforming bounded subset of X to bounded ones. We
say that ¥ satisfies the Darbo condition with a constant k£ with respect to measure ¥ provided
(%) < kv () foreach P € Mg such that P C X.

Theorem 1 (Agarwal and O:Regan 2004, Schauder) Let® be a nonempty, closed and convex
subset of a Banach space E. Then every compact, continuous mapping T : ® — © has
minimum of one fixed point.

Theorem 2 (Darbo 1_955, Darbo) Let 3 be a nonempty, bounded, closed and convex subset
of a Banach space E. Let G : 3 — 3 be a continuous mapping. Assume that there is a
constant k € [0, 1) such that

P(GM) < kY (ON), M C 3.
Then G has a fixed point.

From the above to two fixed point theorems it is clear that the Darbo fixed point theorem
is more effective than Schauder fixed point theorem. In this connection we mentioned the
following remark.

Remark 1 We have generalized Darbo’s fixed point theorem using a new contraction operator
which involves MNC to study operators whose properties can be characterized as being
intermediate between those of contraction and compact mapping. The main advantage of
this generalization using MNC is that the compactness of domain of the operator which is
essential in Schauder’s theorem has been relaxed.

We use the following concepts to established the extension of Darbo’s fixed point theorem.

Definition 3 (Hazarika et al. 2018) Let F be the class of all functions J : Ry x Ry — Ry
satisfying the following conditions:

(1) max{t,w} < J(,w) fort,w > 0.
(2) J is continuous and nondecreasing.
Q) J+o,u+o) <Ju)+ J(w, o).

For example, J(1, w) =1+ .

Definition 4 (Mohammadi et al. 2020) Suppose A is the set of all functions 20 : Ry — R
satisfying the following conditions:

(1) 20 is continuous strictly increasing function.
(2) lim,— 00 2 (g,) = —oo if and only if lim,_,» g, = 0 for all {g,} € R.

For example,

(@) Wi(s) =In(s)

(b) Wa(c)=1~25, p>0
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© Wi(s)=1-

) Wy(s) = =

belongs to A.

Definition 5 (Mohammadi et al. 2020) Let © be the class of all functions ¥V : R — R
satisfying:

(1) limy— o V"(g) = —oo forall ¢ > 0.
2) V(¢) < ¢ forall ¢ > 0.
(3) Visincreasing and continuous.

For example,

(1) Vi(¢) = ¢ —a, a > 0belongs to O,
(ii) V2(g) = ¢3—1, ¢ < 1belongs to ®,
>iii) V3(¢) = g% — 1, ¢ > 1 belongs to ©.

2 Generalized fixed point theorems

Theorem 3 Let B be a nonempty, bounded, closed and convex (BCC) subset of a Banach
space $). Also £ : 5 — P is a continuous function such that

W[J @ (£Q), ¢ @ (LN =VI{W[J (@ (Q),¢ @ (N} 3

forallQ CP, We A, Ve®, Je Fand¢ : Ry — Ry is a continuous function,
where ¥ is an arbitrary MNC. Then £ has minimum of one fixed point in °B.

Proof Define a sequence (33,) such that B =P and P, = Conv(L£P,) for g > 1. Also
£P1 = £P C P =P1, Po = Conv(L£P) C P = Pi; therefore, consequently, through
extending such framework, we obtain B 2 P2 2 --- 2P, 2 Pyr1 2 -+ .
If there exists ¢ € N satisfying ¢ (4) = O then ‘B, is compact. By Schauder’s fixed point
theorem we conclude that £ has a fixed point.
If 9(B,) > 0 for all ¢ € N, clearly {z?(‘Bq)} is nonnegative, decreasing and bounded
below sequence.
Also, 9 (Py+1) = ?(Conv (£P4)) = ¥ (£P4) and by (3), we have
W (@ (By+1) .6 (2 (Fg+1)))]
= 20[J (9 (Conv (£,)) . & (9 (Conv (5,))))]
= 20[7 (97 (%) .0 (7 (23,))]
= VAW (2 (Pq) . ¢ (2 (¥)))]}
=VHB [ (2 (Fg1) . 0 (2 (Fg-1))]}

VW @ (B, ¢ @ (BNl

As g — oo and applying the Definition 5, we get

Jim 2T (2 (Bg1) . @ (9 (Bg+1)))] = —oo.
@ Springer f DMAC
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Again, by Definition 4, we get
tim 7 (2 (Bg+1) . ¢ (7 (Bg1))) = 0.

q—> 00

It gives limy—. oo #(PBy) = 0 = limy— o0 ¢ (¥ (By)) -

Since B, 2 P, 11 in the pursuit of hypothesis, we came to conclude that P oy = ﬂ;’;l By
is nonempty, closed and convex subset of 3 and P is invariant under £. Thus Schauder’s
result implies that £ has a fixed point in P, C B. This completes the proof. O

Theorem 4 Let B be a nonempty BCC subset of a Banach space 9. Also £ : B — P is
continuous function such that

WP (L) + ¢ (¥ (L] = VWD (Q) + ¢ (¥ ()]} “

forallQ P, We A, Ve ®andp: Ry — Ry is acontinuous function, where ¥ is an
arbitrary MNC. Then £ has minimum of one fixed point in ‘3.

Proof The result follows for J (i1, w) = ¢ + @ in Theorem 3. ]

Theorem 5 Let 5P be a nonempty BCC subset of a Banach space $). Also £ : P — Pisa
continuous function such that

T+ W[ (£Q)+ ¢ (¥ (£Q)] = W[V (Q) + ¢ (¥ ()] (&)

forall Q C P, W e Aand ¢ : Ry — Ry is a continuous function, where ¥ is an arbitrary
MNC. Then £ has minimum of one fixed point in ‘3.

Proof The result follows by taking V(1) =t — t, 7 > 0, ¢t € R in Theorem 4. O

Theorem 6 Let P8 be a nonempty BCC subset of a Banach space $). Also £ : 8 — Pisa
continuous function such that

D(LQ) + ¢ (¥ (£Q)) =k [P (Q) +¢ (U ()] 6)

forall Q € B, 0 <k < 1and ¢ : Ry — Ry is a continuous function, where ¥ is an
arbitrary MNC. Then £ has minimum of one fixed point in ‘.

Proof The result follows for M () = In(z), k = e~ 7 € [0, 1) in Theorem 5. ]
Remark 2 For ¢ = 0 in Theorem 6 we obtain Darbo’s fixed point theorem.

Definition 6 (Chang and Huang 1996) An element (p, g) € X x X is called a coupled fixed
point of a mapping T : X x X - X if T(p,q) = pand T(q, p) =q.

Theorem 7 (Bana$ and Goebel 1980) Suppose 91, 92, ..., O, isthe MNCin E|, E,, ..., Ey,
respectively. Moreover, suppose the function X : R, — R is convexand§ (p1, p2, ..., Pn)
=0ifandonlyif py =0forl =1,2,...,n then ¥(X) = § (01(X1), 02(X2), ..., 9,(Xp))
definea MNC in E1 x E> X ... x E,, where X denotes the natural projection of X into E|
forl=1,2,..., n.

Example 1 (Banas$ and Goebel 1980) Let ¥ be a MNC on E. Define §(p, q) = p+q, p,q €
R.. Then § has all the properties mentioned in Theorem 7. Hence, 9 (%) = (X)) +(X2)
is a MNC in the space E x E, where X;, [ = 1, 2 denote the natural projections of X.

@ Springer f bMA
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Theorem 8 Let P be a nonempty BCC subset of a Banach space $). Also £ : P x P — P
is a continuous function such that

WJ @ (L(Q1 x 2)),¢ (¥ (L£(Q1 x Q))))]
1
=< EV{QU[J (@ (Q1) +9(Q2), 90 @ (Q) + 7 ()N}

Sforall Qy, Q> C P, where ¥ is an arbitrary MNC and 25, V, J and ¢ are as in Theorem
3. In addition we assume 20(p + q) < 2W(p) +W(q), p,g =0and ¢(p +q) < ¢(p) +
&(q), p,q > 0.Then £ has at least a coupled fixed point in ‘3.

Proof Consider a mapping £ : Px P — Px Pby £/ (x, y) = (£(x, ), L, x)), x,y
s € B. Itis trivial that £ is continuous.

Let Q C ‘B x P be nonempty. We have el (Q) = ¥ (Q)) + ¥ (Q2) is an NMC, where
91, 9y are the natural projections of Q into .
We obtain

wls (v (¢4 @) 4 (2 (¢4 @)))]
=90 [J (9 (£(Q1 x Q) x £(Q2 x Q). ¢ (¥ (£(Q1 x Q) x £(Q2 x Q) )|
= W[J (9 (L(Q1 x Q)+ (£(Q2 x Q1)) (D (£(Q1 x Q) + D (£(Q2 x Q)]
< W B (£(Q1 x Q)+ D (£(Q2 x Q1)) . b (I (£(Q1 x Q)+ (¥ (£(Q2 x Q)]
< W (9 (£(Q1 x D). d (I (£(Q1 x 22))))]
FJT (9 (£(Q2 x Q1)) . d (I (£(Q2 x Q)]
< VIO (9 (Q1) + 7 (D). ¢ @ (Q1) + 9 (Q))]}
=viw[s (v @.0(» @))]}.

By Theorem 3 we conclude that £ has minimum of one fixed point in B x B, i.e., £ has
minimum of one coupled fixed point. O

Corollary 1 Let P8 be a nonempty BCC subset of a Banach space $). Also £ : P x P — P
is a continuous function such that

T+ W[J (@ (L(Q1 x ), ¢ (P (L£(Q1 x 92))))]
=WJ (@ (1) + 0 (Q2), ¢ (@ (Q1) + 7 (Q2))]

forall Q1, Q2 € B, v > 0, where ¥ is an arbitrary MNC and 203, J and ¢ are as in
Theorem 3. Further, we assume 20(p + q) < W(p) +W(q), p,q > 0and ¢(p +q) <
o (p) +&(q), p,g > 0.Then £ has at least a coupled fixed point in L.

Proof The result can be obtained by taking V(t) =t — 27, t > 0 in Theorem 8. O

3 Application

The fractional integral of a function f € Lj(a, b) by another function g of order « is defined
by (see Samko et al. 1993)

1 o gmf®
F@ Ja (gx)—gm)=

dt, a >0, —co<a <b<o0

@ Springer f DMAC
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defined for every continuous function f(¢) and for any monotone function g(7) having a
continuous derivative.

Recently in Nieto and Samet (2017), Nieto and Samet discussed the existence of solutions
of the implicit integral equation

L g/ (s)h(t, s, 2(s))
=7 (0.0 ([ G stads) ) reta @

where 7 > 0,a > 0,0 € (0,1), F:[a,T] X RXxR >R, ¢ :R—> R, g:[a, 7] > Rand
h:la,t] x[a, 7] x R — R.

From the above Eq. (7), we are motivated to implement the generalized Darbo fixed
point theorem and Hausdorff MNC for solvability of a system of implicit fractional integral
equations in Banach space.

In this part, the existence of solution for the following system of implicit fractional integral
equations will be studied

* g (w)Hy (x, w, z(w)) )
n = Bn 5 5 d . N, 8
Zn(x) <x z(x) /a (20 — g(w)) w ne (8)

where 0 <a <1, x el =[a,t], >0, a >0, z(x) = (zn()c))floz1 e Hand His a
Banach sequence space.

3.1 Existence of solution on C(/, ¢p)
We consider the following assumptions:

(1) The functions B,, : I x C(I, cg) x R — R is continuous and satisfies
By (x, z(x), 1) — By (x, 2(x), m)| < 0o (x) [20(x) — Zu(X)| + Bn(x) || — m]

for z(x) = (za (X))o, 2(x) = (2 ()2, € CU,co) and ay, Bp: I - Ry (n € N)
are continuous functions.
Also, D, = sup {|B, (x,2°,0)| : x € I}, where 2° = (zg(x))ff:l e C(I, ¢p) such that
z,ol(x) =O0forallx € I, n e Nand sup,.y D, = D, lim, o D, =0.

(2) The functions H, : I x I x C(I, ¢9) — R(n € N) are continuous and there exists

H = sup {|Hy (x, w, zw))| : x, w € I;n € N; z(w) € C(I, c)} .

(3) The functiong : I — R4 isin C land nondecreasing.
(4) Define an operator T from I x C(I, co) x R to C(/, cp) as follows

(x, 2(x0) = (T2)(x),

where
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* g (W) Hy (x, w, z(w)) o
T =|B,[~x, , d .
(Tz)(x) < (x z7(x) /a e — g w))n1

(5) Let

supa, (x) = @y, sup B, (x) = B,, supa, =&, sup B, = .
xel xel neN neN

Also,
nllrgo&n =0, nlirgoﬂn =0and0 < a < 1.
Suppose B = {z e CW,co0):ll zllcit,c)= r}.
Theorem 9 Under the hypothesis (1)—(5), Eq. (8) has minimum of one solution in C(I, cp).
Proof For arbitrary x € I,

I 2(x) lle

B, <x’ 20, /x g (w)Hy (x, w, Z](_w))dw)‘
a (&) —gw) ™

* g/ (w) Hy(x, w, 2(w)) ) . ‘
Bn ’ ’ d _Bl’l 3 ,0
(x e / (g() —gwn =@ (200, 0)

= sup
n>1
< sup

n>1

+ sup ‘B,,(x, (), O)’
n>1

/X g (w) Hy (x, w,Z(w))dwl n D}

5 n n + n
sup [a @ 2@l + P | | = T

n>1

R A [T g (w) [ Hy(x, w, z(w))]
<&z ey + / +D
R o e L
g (w) w+ D

Az lleo +BH | e

~

. BH a
=a z(x) lle +7 (8(7) —g(@)” + D.

Therefore,

A A

. BH «
(=) [ 2(x) lleg= o (g(t) —g@)” + D
implies

aD + BH (g(1) — g(a)®
a(l — Q&)

Il 2(x) llep < = r(say).

Hence || z llc(,cp =< 7-
Consider T : I x B x R — B is an operator given by

(T2)00) = (Bn (x,z<x>, [* (“’)H”(x’w’zf_”;”dw» = (1) N,
a (gx)—gw)) n=1

where z(x) € B, x € I.
By assumption (4) we have

nlgr;o (Thz) (x) = 0.
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Hence, (T'z) (x) € C(I, cp).
Again || Tz |lc1,c9)< 1, so T is self mapping on B.
Let Z(x) = (Zu(x));—; € Band € > Obe such that || z — Z [lc(1.cp) < 55 = &-
Again for arbitrary x € I,

[(Thz) (x) — (Ty2) (x)]
_|s, (x 200, / g (w)Hy (x, w, zl(w)) ) 5, (x ), X g (w)Hy (x, w, zl(w))dw>’
(g(x) — g(w)) ~¢ a  (g) —gw) ¢
g (w) |Hy(x, w, z(w)) — Hy (x, w, Z(w))\
(g(x) — g(w))! =

As functions H, are continuous for all n € N'so for || z —Z [[c(1.¢)) < 55 foralln € N, we
have

< an(x) lzn(x) = Zn ()] + ﬂn(x)/

oe

|Hy(x, w, z(w)) — Hp(x, w, Z(w))| < —————.
X, w, z(w x,w, Z(w))| < G0 — @

Therefore,

|(Thz) (x) — (T2) (x)]

a0 -0+ L [ B g,
2h(s(0) — s(@= Ju (300 — gw))
Y < S 10 o 100)
2B(g(r) — gla)* o

< €.

Thus, | Tz — TZ lc1,c9)< € When || 2 — Z |lc(1,¢0) < 8; hence, T is continuous on B.
Finally,

Xco (TB)

= lim sup max
n—oo ZEB

( / g (w)Hy (x, w, z(w)) )’
x, z(x), T, dw
(g(x) — g(w))

BrH (g(t) — g(a))®
" ,

< lim sup max |:a lzi ()| +

=00 eB
ie.,
Xeo (TB) < &xco(B).
Therefore,

xc,co) (TB) < @xc,co)(B).

Thus, by assumption (5) and Remark 2 gives 7" has minimum of one fixed point in B C
C(I, cp). Hence, equation (8) has minimum of one solution in C(/, ¢g). This completes the
proof. O

Example 2

zn(x) = dw

2 (x) +32/" w cos (2, (w)) ’ ©)
n 0 (2

1
2n+x X2 —w?)? (w+n?)
where x € I = [0, 1], n € N.
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Zn(X) l cos (2, (x))
Here B, (x, z(x), 1) = 2:+x + 30 Ha(x,w, z(w)) = ?”nz g) =x% a=
%, a=0and T = 1.
It is obvious that B,, is continuous for all n» € N and
|By (x, 2(x), 1) — By (x, z(x), m)]
1 _ 1
< Iy [0 (x) — Zn(x)] +n7 [l —ml.
Also,
_ 1 . 1 i S 04— 1
op(x) = = oy im e =00 =7,
1 4 ~
Bn(x) = —,pp=—, lim B, =0, =1,
n n — 00
D,=0,D=0, lim D, =
n—oo

2

The function g(x) = x? is in C! and nondecreasing. Again, the functions H,, are continuous

foralln € N.
If z € C(I, cg) thenas n — oo for all x € I, we have

2n(x) = 0, %/ weos @) g, o,
n 0o (x2 = w?)? (w+ n2)

Therefore, assumption (4) is satisfied. Thus all the assumptions of Theorem 9 are satisfied
hence Eq. (9) has a solution in C (I, cp).

3.2 Existence of solution on C(/, £1)

We consider the following assumptions:

(1) The functions B,, : I x C(I,£1) x R — R (n € R) are continuous and satisfies
[B(x, z(x), 1) = By (x, 2(x), m)| < ¢p(x) |20 (x) = 20 ()| + Yn(x) |l — m|

for z(x) = (za(X))52;, 2(x) = (2 (X))y2; € CU, £1) and ¢y, Yy : I — Ry (n € N)
are continuous functions.
Also,

o0

3 15 (. 20,0)]

n=1

converges to zero for all x € I, where = (12 (x)):i1 € C(I, £1) such that 12 x)=0
forallx € I, n € N.
(2) The functions H, : I x I x C(I,£;) — R (n € N) are continuous and there exists

Ok = sup{|Hi(x, w, z(w))| : x, w € I; z(w) € C(I, £1)},

where n, k € N. Also sup;cy Ok = 0.
(3) The function g : I — R is in C! and nondecreasing.
(4) Define an operator T from I x C(I,£¢1) x Rto C(I, €;) as follows:

(x, 2(x)) = (T'2)(x),

where
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* g (W) Hy (x, w, z(w)) o
T =|B,[~x, , d .
(Tz)(x) < (x z7(x) /a e — g w))n1

SUP ¢y (x) = G, supy =, 0 < ¢ < 1.

xel neN

(5) Let

Also, for all x € 1, the series Y v, (x) is convergent and
n>1

D Yax) <9

n>1
Assume B; = {z € C(1, 1) || z lc.en=<F} -
Theorem 10 Under the hypothesis (1)—(5), Eq. (8) has minimum of one solution in C(I, £1).

Proof For arbitrary fixed x € I,

120 e,

5[ (oo [ £tz )

= (g(x) — g(w)

<Y |5 (x ), / g A, v, 20) ) Bu(x, 2(0), 0>‘
n>l

By (x,2°(x),0)
= T(g) — gwp e

/)‘ g/ (w) Hy (x, w,z(w))dwu

< Gn (x) |20 (X)] + Y (x)
2 [ fent ! (gx) — g(w) 1@

n>1"-

¢/ (w) [y (x, w, z(w))|
<d 1200 lley + wnuf dw
o § (g(x) — g(w)) ™

g wQ
<d 1200 lley + wnu/ —sWe
o § e 0 — gy

. o [ g (w)
< + T -«
& Il z(x) llg, WQ_/a (2(0) — (w12 w

<12y +22 (60 — g@)*

Therefore,
(1= | z(x) lle, < o (g(r) — g@)”
implies
I z(x) lle, < V2 (k) _Ag(a)) = r(say).
a(l —¢)

Hence, || z llc,en= 7.
Consider T : I x By — Bj be an operator given by

a0 = (B, (vozoo, [ EBERTLD )}~ (g0 032,
a (g(x) —g(w)) n=1

where z(x) € By, x € 1.
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By assumption (4) it follows that

D (1) ()

n>1
is finite and unique. Hence (T'z) (x) € C(I, £1).
Again || Tz llc,e,)< 7, so T is self-mapping on Bj.
Let Z(x) = (Z4(x));2, € By ande > Obe such that || z — Z |lc(s, =<3 iA =4.
Again for arbitrary x € I,

[(Tn2) (x) — (Tn2) ()]
_ |z, (x 5, / g/ (W) Hy (x, w, z1<w>> ) 3, (x #0), / ¢ (W) Hy (x, w, z1<w>) dw)’
(g(x) — gw)!= (g(x) — g(w)! =
g (w) |Hy(x, w, z(w)) — Hyp(x, w, z(w))l
(g(x) — gw)!

< Pn(x) |zn(x) — Zn(x)| + 1//,,()()/

As functions H, are continuous for all n € N so for || z — zZ llc(7,e,) < i foralln € N, we

have
o€

20 (g(T) — ga))®

|Hy, (x, w, z(w)) — Hy(x, w, z(w))| <

Therefore,

D 1(Th2) () = (Th2) ()]

n>1

<$ > lzn@) — 2| + ca - / g Yo ¥u®
g@)* Ja

= 24r(g(T) — (8(x) — g(w)' ™
A 7 T) — o
<dle—Tlewen +21&(g(;/;€_ag(a))a.(g( ) ag(a))

< €.

Therefore, || Tz — TZ llc(1,¢,)< € When || z — Z |lc(1.¢,)< & hence T is continuous on Bj.
Finally,

xe, (T By)
Y g (w)Hy (x, w, z(w))
1 n £ ( )7/ _ d )‘
"Lnéozsfgg <x e e gt

< lim sup ¢Z|Zk(x)|+ 0 (g(r) — g(@)) (Xhon Vi () 7

X zeB; k>n (24

ie.,
xe: (TB1) < dxe, (By).
Therefore,

xcu,e) (TBy) < <13Xc<1,zl)(31)-

Thus, assumption (5) and Remark 2 gives 7 a minimum of one fixed pointin By € C(/, £1).
Hence, equation (8) has minimum of one solution in C(/, £1). This completes the proof. O
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Example 3 We consider the following systems of fractional equations:

X 2o
Zn(x) +i w< sin (z,(w)) dw, (10)

S 3m2+x o n? o (x3_w3)%(w+n2)

where x € I = [0, 1], n € N.

Here B, (x, z(x), ) = Z"(x) ! H,(x, w, z(w)) = sin (2, (x))
l,a=0andT = 1.

24x  n¥ w + n?
27

It is obvious that B,, is continuous for all n € N and

,g(x) =x3, a=

|B}’l (.X, Z(.X), l) - Bn (X, Z()C), m)|

1 _ 1
=< m |20 (x) — Zp ()| + 2 [l —m].

Also

A

1 ~ 1
Pn(x) = s = ==, lﬁn(X)anz,

302 4 x 3
Zt/fn(x) Z—z ?ZB(x,z,0)|:0.

The function g(x) = x3 isin C! and nondecreasing. Again, the functions H, are continuous
for alln € N and

1
|Hy (x, w, z(w))| < —,
n

which gives 0, = n% and Q =1.
If z € C(1,¢y) then

dw

i () 3 % w?sin(za(w))

— 3n2 +x nf2 0 (x3_w3)%(w+n2)

< > w? sin (Zn(w))|
< Z ()] +3Z dw
3+x —1 _ w3 (w + I’l2)
s w? on ()|
< Z Zn(X)] +3Z dw
n=1 —w?)? (w + n?)
X 3w2
<3 ||Z||c(1 o) T / T dw ¢ lIzllc,e)
0 (.X3 _ w3)2 (w +n2)
1
< <§ +2> lzlica,e

= ||Z||C(I,l1) < 00.

Therefore, assumption (4) is satisfied. Thus, all the assumptions of Theorem 10 are obtained.
Hence, Eq. (10) has a solution in C(/, £1).
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4 Conclusion

In this article, we introduced a new condensing operator and established a generalization of
Darbo’s fixed point theorem and finally apply it to a system of fractional integral equation
by another function.

The main contribution of this article is that we have extended the results of the article
(Mohammadi et al. 2020) to established a generalization of Darbo’s fixed point and applied
it to obtain the existence of solution of system of fractional integral equations by another
function which is the generalization of many other fractional integrals. Hence, the method
applied in this article can be applied to system of many other fractional integral equations
which are just particular cases of fractional integral equation by another function.
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