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Abstract

A fixed point theorem has been generalized herein, using a newly constructed contrac-
tion operator. In addition to this, the solvability of fractional integrals based on this
generalized fixed point theorem along with suitable examples have also been reported
in this article
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1 Introduction

Kuratowski [14] was the first to propose the concept of a MNC, which was key in the
construction of the fixed point theory. G. Darbo [15] generalized the Schauder’s fixed
point theorem by incoroporating Kuratowski’s MNC into his formulation. Following
that, a number of authors analyzed and determined various problems in differential
equations, integral equations, and integrodifferential equations by using these MNC
in their studies.

The axiomatic definition of the MNC, which was defined by J. Banas$ [7] in the
year 1980, has gained much research interest for studying different problems.
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Darbo’s theorem was generalized and applied by many researchers. Darbo’s the-
orem is generalized yet again, this time with an application. MNC apply to solved
for several forms of integral equations by many researchers and through of fractional
order integral equations (see [3, 9, 11, 13, 16, 17, 21]). Das et al. [ 18] established some
new generalizations using C-class functions. Parvaneh and Hussain [19] analyzed the
concept of generalized Wardowski type fixed point theorems via a-admissible FG-
contractions in b-metric spaces. Recently, the solvability of integral equations has
been established (see [4-06, 10, 12, 23]).

In this work, we have presented Darbo’s fixed point theorem to solve fractional
integral equations in Banach space with the different functions are used. Herein, we
also illustrated a suitable example for verifying the proposed theorem.

Let a real Banach space (3, | . ||) and B(0,7) = {z€3:|z—0 |<r}.If E(#
¢) C 3. Then

o ¢ = the closure of &,
¢ = the convex closure of &,
M3 = collection of all non-empty and bounded subsets of 3,
M3 = collection of all relatively compact sets,
R = (—o00, 00), also
R4+ = [0, 00).
The definition of a MNC is as follows: [7].

Definition 1.1 A function £2 : 93 — [0, 0o) is said to be a MNC in 3 if it fulfills
axioms:

(i) forall € € M3, we have £2(&) = 0 gives € is relatively compact.
(i) ker 2 = {€ € M3 : 2 (€) =0} # ¢ and ker 2 C N3.
(i) €C ¢ = 22(€) <2 (&).
(iv) 2(¢)=12(¢).
(v) 2 (Conve€) = 2 (¢€).
(vi) 2 (x€+ (1 —x) &) = x2 (&) + (1 —x) 2 (&) for x €[0,1].
(vii) if & € M3, E = &, €y C Efork=1,2,3,4,5, ...andkl_i)n;OQ (&) =0

then (2, € # .
The kernel of measure 2 is defined to be the family ker §2. Since 2 (E) < £2(Ey),
2(€0) = 0. S0, € = N, & € ker 2.

Some important theorem and definition

The following are some fundamental theorems to recall:

Theorem 1.2 (Shauder [1]). Let 4 be a non-empty, bounded, closed and convex sub-
set(NBCCS) of a Banach Space 3. If & : ${ — $l is a continuous and compact
mapping, then it must have at least one fixed point.

Theorem 1.3 (Darbo[15]). Let $4 be a NBCCS of a Banach Space 3. Assume & : §{ —
#lis a continuous mapping with a constant x € [0, 1 such that

2(BB) < x2(B), B C il
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Then & has a fixed point.

The following related concepts are needed to establish an extension of Darbo’s
fixed point theorem:

Definition 1.4 [2] A continuous function D : R} x Ry — Ris a function of C- class
if subsequent axioms hold true:

() D(g,x) <q,

(2) D(q, x) = g implies that either ¢ = 0 or x = 0. Also D(0,0) = 0. A C- class
function is symbolized by C.

For example,

(1) D(g,x) =q — x,
2) D(g,x) =aq, 0 <a < 1.

Definition 1.5 [8] Suppose that A is the set of all continuous maps § : Ry — R4
fulfilling the conditions given below:

1) 6(x) =0<¢=x=0.
(2) 4 is a non decreasing.
3) 8(x) < x, forall x > 0.

Definition 1.6 [2] Let IT denote the set of all continuous functions @ : Ry — R4
satisfying @w (q) = 0.

2 Fixed point theory

Theorem 2.1 Let F be a NBCCS of a Banach space 3. Also T : F — F is continuous
mapping with

8[2(T&)] =DIé (£2(8), w (£2(€))] 2.1

where € C F and $2 is an arbitrary MNC and w € T1, § € A alsoD € C. Then T
has at least one fixed point in .

Proof To get to our main finding, we first need to set up a nested sequence and then
use properties of the measure of noncompactness. Let us form a sequence {IF p};oz 1
with[F| = FandF,41 = Conv(TF,) forp e N Also7TF1 =TF CF =Fy, F, =
Conv(7TF) € F = F;. By continuing in the similar manner gives F; 2 F, D F3 2
L 2F, 2F, 2.

If there exists po € N satisfying D[§ (2 (Fp,)) , @ (2 (Fp,))] = 0. Thens2 (F )
=0, so IF,, is a compact set. In this case Schauder’s theorem implies 7 has a fixed
point in F. Again, if D[ (.Q (IE‘,,)) o (.Q (Fp))] > 0, p € N. For p € N, we now
have

8152 (Fp+1)]
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= 3[$2 (ConvTF,)]
=3[82 (TF,)]
= D5 (2 (Fp)), @ (2 (Fp))]
=5(2(Fy))-
As § is a non-decreasing mapping, we obtain
2 (Fpi1) < 2 (Fp).
Then, {.Q (IE‘,,)} is a bounded below and decreasing. So, it is converges to a =

inf {F,} .
If possible let a > 0. By using (2.1), we get

8 (Fpy1) =8 (ConvTF,)
=DIs(2(Fp)). @ (2 (Fy))]

As p — 00, we obtain
§(a) =DIs(a),w (a)] =6 (a).
This gives
D[5(a),w (a)] =6 (a).
Using by (2) of Definition 1.4, we get
§(a)=0o0r @w (a) =0.

Hence, a = 0.
ie, lim 2 (F,) = 0. Since F, 2 F,4, by Definition 1.1, we obtain Foy =
p—>00

ﬂ;ozl IF), is non-empty,closed and convex subset of IF and Fo, is 7 invariant. So,
Theorem 1.2 concludes that 7 has a fixed point in F. This completes the proof. 0O

Theorem 2.2 Let IF be a NBCCS of a Banach space 3. Also T : F — F is continuous
mapping with

8[2(TE)] =6(2(8) —w (£2(8)] 2.2

where & C F and $2 is an arbitrary MNC and § € A, @w € 1. Then T has at least
one fixed point in .

Proof Putting D(g, x) = g — x in Theorem 2.1 we get, the Theorem 2.2. O
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Theorem 2.3 Let IF be a NBCCS of a Banach space 3. Also T : F — F is continuous
mapping with

8[22(TE)] < ad (2()) (2.3)

where € C F and 2 is an arbitrary MNC and § € A. Then T has at least one fixed
point in F.

Proof Putting D(q,x) = aq, 0 < a < 1in Theorem 2.1 we get, the Theorem 2.3. O

Corollary 2.4 Let IF be a NBCCS of a Banach space 3. Also T : F — T is continuous
mapping with

Q(T¢) <af (€ (2.4)

where € C T and $2 is an arbitrary MNC . Then T has at least one fixed point in F.

Proof Setting §(x) = x in Theorem 2.3 we get, Darbo’s theorem. O

3 Measure of noncompactness on C([0, /])

Let 3 = C(U) be the space of real continuous functions on U, where U = [0, I]. So,
equipped with

| All=supf{|A(t)|:t €U}, Ae€3.

Let T (s ¢) € 3 be bounded. For A € T and ¢ > 0, denote by (A, ¢) the modulus
of the continuity of A, i.e.,

w(A,e) =sup{|A(t) — A)| : 1, € U, |t — 1| < &}.
Moreover, we set

w(T,e) =sup{u(A,e): AeT}; uo(T) = ggrrbu(T, €).

It is generally known that the function pg is an MNC in 3, with ['(T) = %,uo(T) (see
[7]) as the Hausdorff MNC T".

4 Solvability fractional integral equation

In this part, we show how our conclusions concerning the existence of a solution to a
fractional integral equation in Banach space can be applied.
Consider the following fractional integral equation:

Y op, w®))
T Jo (p—0)-

w(p) = W(p, w(p)) + dv, (4.1)
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where )0 <w < 1, ¢ € U =10, I].
Let

Doy ={w e 3| wl<eo}.

Assume that

(A) ¥ : U x R — R be continuous function and there exists constant ; > 0
satisfying

W (e, wp) =Yg, wi(p)] < Bi [w(p) —wi(@)|, ¢ €U; w,w; €R

and

A

U =sup{|W(p,0)|:9ecU}.

(B) 0 : U x Ry — Ry be continuous function and there exists a nondecreasing
function @ : Ry — Ry satisfying

lo(p, w)| = @ (lw)); (p,w) €U xR.
(C) There exists a positive solution eq such that

w(eo)

U+—2 .
Breo + +F(a)+1) <

€.

Theorem 4.1 If conditions (A)-(C) satisfied, so the Eq. (4.1) has at least a solution in
3.
Proof Consider the mapping S : 3 — 3 as follows:

1 [?a(p, w®)
L) Jo (p—)-

(Sw)(p) = Y (p, w(p)) +

’

Step 1: We show that S maps Dy, into D,,. Let w € D,,, We have

I(Sw) (@)

< W (g, w(p))l +‘

Y o(p, w®)) '
) Jo (p—)-

= [W(p, w(p) — V(g 0)| + [¥(p,0) + ‘

1 Y o(p, w®)) ‘
P Jo (p—)=

L [0, w(®) ‘

T Jo (p—9)

< B |w(¢>|+l7+'
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Also,

‘ 1 (Y o(p,w(@) '
) Jo (p—)-

< 1 /‘p lotp. w@)l o
T Jo (p—o)
_olwlh 1

dv
T Jo (p—2)-
a(lwl)

" T+ 1)

Hence, || w || < ep gives

@(en)

Sw < U+—"
| Sw [|< Bieo + +F(a)+1) <ep

Due to the assumption (C) ,S maps Dy, into Dy,.
Step 2: We show that S is continuous on D,,. Let ¢ > 0 and w, w; € D, such
that || w — w ||< e. Forall ¢ € U, we have

[(Sw) (@) — (Swi)(@)]

< |W(p, w(p) — ¥(p, wi(p)| + '

/wd(%un(ﬁ)) ﬁ'
" T(w) (p =)l

< Bilw(p) —wi(p)| +

1 Y o(p, w®))
F'w) Jo (g—)l—

T@) Jy @y 7@ w@) —olp,wi@)ldv

=Arllw—w |+ lo (@, w(@)) — o (g, wi(P))|dY

1
1“(w) 0o (=l

<,31||U)—w1||+1_, lteo()/wl9

1
<Brllw—w| +mﬂeo(8)1w-

where

lo(p, w) —o(p, w)|:|lw—w| <egc U;}

Heo(€) = SUP{ w, wy € [—ep, el

Hence, || w — w; ||< ¢ gives

1
I(Sw)(e) — (Swi)(@)| < Pre + mum(ﬁ)l‘”

As e — 0, we get |(Sw)(¢) — (Swy)(p)| — O.
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This clearly prove that S is continuous on Dy, .

Step 3: An estimation of S with respect to 11o: Now, asusuming A(# ¢) € Dy,.
Let ¢ > 0 be arbitrary and choose w € A and ¢1, ¢» € U such that |py — 1| < ¢
and @2 > ¢y.

Now,

(Sw) (g2) — (Sw) (o)
1 2 0 (p2, w(D))
= W (g,
‘ (2 w(2) + s /0 e

1 /“" o(sol,ww))dﬁ'
L) Jo (o1 =)@

< |W(p2, w(g2)) — Y (g1, wipr))l

N 1 (/“’2 Io(wz,w(ﬁ})ldﬁ_/w‘ |O’((,01,w(19))|d19>
P \Jo (=)' 0o (pr—

< W (g2, w(g)) — Y (g2, wlp))| + Y (g2, wlpr)) — Y(p1, wlp))|

4 Z(wh (/(pz L - /wl b dﬁ‘)
I'(w) 0o (pp—l- 0o (g1 —Hl-

@ (ep) (09 — o]

dy — W(p1, w(pr))

< Bilw(g2) —wlp)| + [W (g2, w(p1)) — (g1, wlp))| + o+l vy — ¢)
< Bi(w, &) + pw (eo, &) + %w&“ — ¥l
where

W (g2, w) — W (g1, w)|: g2 — @il <& 91,9 € U;}

Hw (eo, €) =Sup{ w| < eo

and,
m(w, &) =sup {|lw(gz) —wlp)| <e:lp2 -1l <ep,p2€U}.
As e — 0, then ¢» — @1 , we get

@ (o) (02 — 0¥] = 0
0T+ 1) 2% '

Hence,

[(Sw) (92) — (Sw) (91| = ri(w, ) + pw (eo, €).

ie.,

w(Sw, &) < Bru(w, &) + pw(ep, ).
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By the uniform continuity of W on U x [—eg, ep] we have lin}) Wy (eg, &) — 0, as
£—>

e — 0.
Taking sup,,.» and ¢ — 0 we get,

Ro(SA) = Biuo(A).

Thus by Corollary 2.4, S has a fixed pointin A C Dy,
That is the Eq. (4.1) has a solution in 3.

Example 4.2 Consider the fractional integral equation as follows:

2
w 1 ¢ cos”('ff—(;’;))
w(p) = 5+ =3 / —dv.
9t¢° T Jo  (p—0)2
for ¢ € [0, 3] = U, which is a particular case of Eq. (4.1)
Here
V(e we) =
s w(p) = ;
b = g 2
1
w= =
2
and
L wi(@)
o (g, w()) = cos™ ( 5)-
-9
Also, It is trivial that W is a continuous satisfying
lw — wi|
W (g, w(p) —¥(p, wi(p) = —5

Therefore, g1 = %.
If | w [|< e then

0=
9
and
o, w)] < [w?].
So,

2
w (eg) = ¢g.

4.2)
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Puting these values in the inequality of assumption (C) we get,

1 2 6(2) 1
—ep+ — + 32 <
96() 9 l—'(%)( )2 Ze0

RO
I'(3) 9
T3)
— ¢p = -
9(3)2
. . r(3)
However, assumption (C) is also fulfilled for eg = r.
9(3)2

We can see that all of Theorem 4.1’s assumptions are achieved, from (A) to (C).
Equation (4.2), according to Theorem 4.1, has a solution in 3 = C(U).

Example 4.3 Consider the fractional integral equation as follows:
4

o)

3 4 + 1 2
+ o F(g) 0 (p—1)3

w 1 ¢ In(

w(p) = (“4.3)

for ¢ € [0, 1] = U, which is a particular case of Eq. (4.1)

Here
V(g w(p) = ——
PN = T
1
o= -
3
and
w* ()
o (g, w@) =In(;—3).
— @

Also, It is trivial that W is a continuous satisfying

lw — wi|

W (p, w(p)) —¥(p, wi(e)] < 3

Therefore, 1 = %
If || w [|[< ep then

and

o, w)] < [w?].
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So,

2
@ (ep) = €.

Puting these values in the inequality of assumption (C) we get,

LN B ()3 <
—e0+ — + —— e
T3 gy

€ 1
- <z
rGg — 3
r'(3)
= ¢y < ——.
3
. . r)
However, assumption (C) is also fulfilled for e = —*-.

We can see that all of Theorem 4.1’s assumptions are achieved, from (A) to (C).

Equation (4.3), according to Theorem 4.1, has a solution in 3 = C(U).
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